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Abstract 

We present here a cohomological analysis of the new spacetime superalgebras that arise in the 
ly-j . context of superbrane theory. They lead to enlarged superspaces that allow us to write D-brane 

£SJ ' actions in terms of fields associated with the additional superspace variables. This suggests that 

there is an extended superspace/worldvolume fields democracy for superbranes. 
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1 Introduction 



Due to the development of the new string theory, it has become clear that the supersymmetry algebra 
contains new bosonic tensorial generators, which are central if one does not consider the Lorentz part 
of the complete algebra. The study of the structure of the supersymmetry algebra goes back to 
and tensorial charges were already considered in Q (see also H, |J]). An enlarged superalgebra with 
an additional 'central' fermionic generator was introduced in ||; other, more general algebras were 
considered in || , where it was proved that to every super-p-brane of the branescan in , corresponds 
a new spacetime superalgebra, generalizing the results of 0, B. The point of view in pL |9| constitutes 
the Lie superalgebra counterpart of the Chevalley-Eilenberg (CE) supersymmetry algebra cohomology 
(see |To| , |TT| ) analysis of the scalar branes previously done in We report here on a recent work 
[f[g| l which leads to a systematic cohomological construction of all these algebras, with both bosonic 
and fermionic generators, as well as their associated extended superspace £ groups. These contain 
additional coordinates, besides those (x^jO ) of the standard superspace S, which can be used to 
construct manifestly invariant super-p-brane Wess-Zumino (WZ) terms |8], |(| ^ [l3| . Indeed, it is well 
known (see e.g. that the quasi- invariance of Lagrangians (invariance but for a total derivative) 

exhibits the non-trivial cohomology of the symmetry group, and that they can be rendered manifestly 
invariant by using the additional variables associated with the extended group. This is reflected in 
the realization of the symmetries in terms of Noether currents and charges, and we shall provide their 
general expression for superbranes. As one might expect, the new variables on £ appear trivially (in 
total derivatives) in the action of the scalar super-p-branes. In the case of D-branes, however, some new 
variables appear non-trivially since the worldvolume fields can be constructed as pull-backs of suitably 
enlarged superspaces that correspond to new superalgebras with additional fermionic generators. 

2 Extended superspaces given by central extensions of the super- 
translation group 

Standard superspace itself provides the simplest example of our point of view. Consider the abelian, 
odd, supertranslation group sTtq, of group law 9" a = 9' a + 9 a (generically, we denote a group law as 
g" = g'g = L g /g = R g g'; L and R are the left and right actions of the group on itself). Associated 
with sTrp is the trivial Maurer-Cartan (MC) equation dU a = (IP = d9 a ), which is the dual version 
of the corresponding abelian Lie superalgebra {D a ,Dp}=Q []. Now, let 9 a be Majorana. Then, 
(CT^IP All 3 defines a Tr D -valued non-trivial CE two-cocycle since a) it is closed and left-invariant 
(LI) i.e., it is a CE cocycle and b) it is not d of a LI form (not a coboundary). Therefore, it is 
consistent to extend dU a = by a one-form fp (IP = (1/2) (CT») a p9 a d9 13 , say) so that 

dw = (1/2) (cf^ipif 9 . (i) 

Clearly, IP and IP define a free differential algebra (FDA) but they are not the MC one-forms of a 
Lie algebra since IP is not LI. To remedy this, we introduce a new group coordinate x^ - Minkowski 
space Tr£i - and define instead 

IP = dx>* + fP = da? + {l/2)(CT^) aP 9 a d9 lS , n = 0, 1, . . . , D - 1 . (2) 

Obviously, (flP = <i!P and we may now choose the transformation law for x^ so that IP is LI, 

= ^/i + x m _ (\/2){CT») a p9' a 9 13 . (3) 

This gives [|l4|, [l(| rigid superspace S as a group parametrized by (9 a ,x fl ), with group law now given 
by 9" a = 9' a + 9 a and (||): supersymmetry is the result of the non-trivial cohomology of the odd 
supertranslation group. 

The philosophy behind this simple superspace example, that 'fermions (#'s) are first' and that rigid 
superspaces are group extensions, may be extended by considering other types of two-cocycles (i.e, 

x We use D a (covariant derivatives) rather than Q a (supersymmetry generators) because we deal with LI (hence, 
supersymmetry invariant) forms and vector fields, but this is unessential: the left and right algebras have the same 



valued on more general spaces than Trp) on the sTrp algebra. Explicitly, given a particular sTr^ 
algebra to be extended, one 

a) looks for a non-trivial CE two-cocycle of the desired Lorentz-covariant nature. This means 
searching for Lorentz-tensor- valued LI closed two- forms that are not <i(LI one- form). 

b) Introduces a new LI one-form, the differential of which is the two-cocycle. Then, 

c) the left invariance of the new one-form is achieved by fixing the transformation properties of 
the new group coordinate. This defines in general an extended superspace (super)group manifold S. 

d) The new LI one-form together with the MC equations automatically define by (LI one- forms /LI 
vector fields) duality an extended Lie algebra. 

e) Since the required Lorentz group symmetry is implicit in the process, the extension cocycles 
must be covariant under the action of Spin(l, D — 1). 

The extension procedure described above can be applied more than once. 

Consider the general case of 'central' bo sonic extensions of sTr/) (they are really tensorial, since 
the Lorentz generators do not commute with the 'central' ones). As in the above superspace example, 
we may look at the problem from the Lie algebra Q or the group G point of view: 

1) Lie algebra extension point of view 

When described in terms of LI forms, the algebra extensions require the existence of higher order 
(a, pi)- symmetric Lorentz tensors (CT /xl '"^ p ) Q( g of rank p 

dW i...np = (i/2)(cT^ i -^) Q/3 n Q n /3 (4) 

(IPlP = II a A IL 3 = IP A IP; we omit wedge products). The corresponding generators ^ 1 ...^ p are 
all (D a —) central, as the translation generator = itself, and are associated with new central 
charges. 

The LI of the new forms in (Q) requires new group parameters ip^i—Vp so that 

Tpi-Mp = d(p »i-»p + {l/2){CT^-^) aP e a Jl p (5) 

is LI. These new parameters ip^—^v generalize the spacetime parameters x^ 1 , and their associated 
generators Z^...^ may be considered as generalised momenta. There are no (two-cocycle) restrictions 
coming from the Jacobi identity since the r.h.s of (||) is trivially consistent with d(dH^ 1 '"^ p ) = 0. 

2) Group extension point of view 

The closedness of the r.h.s. of (Q) means that the Lorentz tensor- valued two-cocycle on sTr/), 
^ 1 -^p(9' ,9) = 9 la (CT^ 1 -^p) a p9 13 , satisfies also (trivially) the two-cocycle condition 

£(9, 9'Y 1 -^ + f (0 + 9', tf'Y 1 -^ = £(0, 9' + 9'Y 1 -^ + f (0', 0") m -^ (6) 

The symmetry of (CT fll '" flp ) a R is needed to prevent the above two-cocycle from being trivial, since 
the possible function r/ Atl " Atp (0) on sTtd that might generate the two-cob oundary ^ P (#',#) = 
^1-^(0 + 0') - 1 fi-nv(e r ) -7/^-^(0)) is zero: v ^-^(9) = Q (CT^-^) Q/3 0^ = 0. Hence, The 
problem of finding all central extensions of the sTro algebra {D a ,Dp} = is reduced to finding a 
basis of the symmetric space in terms of p-Lorentz tensors (CT^ 1 "^ p ) Q ^ symmetric in (a,P). 

The answer for different spacetime dimensions D depends on the properties of their respective T 



matrices, since they determine the existence of non-trivial cocycles (see [13] for a table). We shall only 
consider here the example of the 

2.1 D=ll, M-theory extended superspace 

The maximally centrally extended FDA is obtained by adding IP, IP 1 ^ 2 , IP 1 -^ 5 to IP = d9 a (9 a 
Majorana, a = 1, . . . , 32) satisfying 

dU a = , oTP = -(CT^IPIP 3 , 

l a 1 „ ( ? ) 

d rpiM2 = -(ct^^ipiL 3 , diP 1 -^ 5 = -(cr^-^^rpir 3 . 



There are no one-forms IP 1/X2 , rP 1 "'^ 5 LI on E. They can be made LI by introducing new 'cen- 



T,(6 a , x^, ip 111 ^ 2 , ip^ 1 --^ 5 ). In terms of the central generators = d/dx^ 1 , Z fll)12 = d/dipf 11 ^ 2 , Z jUl ,..^ 6 = 
d/dip^ 1 '"^ 5 , the D = 11 supersymmetry M-algebra dual to (]?]) is 

{£>«, L^} = (CT^X^ + (CTK^apZ^ + (CTW-w^Z^..^ . (8) 

This is usually referred to |15| as the M -theory superalgebra. The group law of the extended superspace 
Y l (9 a ,x fl ,(p flllJ ' 2 jip^ 1 "'^ 5 ) is obtained easily as the simplest £ case (c/. @). 

For a recent discussion of the M-algebra, in which the tensorial central charges are considered as 
bilinear s of spinors, see [ jig] . 



3 Non-central additional generators and their extended superspaces 

The above are central extensions of the basic odd abelian algebra {D a ,Dg} = by bosonic tensorial 
generators. But there are also extensions by fermionic generators that make non-abelian e.g., the 
[Xu,D a ] = commutator. The CE cohomology analysis is also useful here. Let us start from a 
centrally extended superspace £(# a , f^...^), p fixed, and LI one-forms IP, IP, IL^...^ , satisfying 
the MC eqs. 

dip = ^(CT^rPir 3 , du^...^ = a (cr M1 ... Mp ) Q/3 n a ir 3 , (9) 

where a s , ao are not fixed for convenience. A non-trivial CE two-cocycle with p indices has to be of 
the type (p\ . . . p p -\ai) and, hence, the only available LI two-forms (in this case, fermionic) are 

/$...a*-i«i = (ct^ 1 ...^j^ 1 ipit 3 , p£L Mp _ im = (cr^n^^ir 3 . (10) 

For p = 1, both are closed. For p > 2, the condition d(p^ + \2P^) = fixes A2 = a s /ao provided 

(CT i/ )(a/3(Cr^ 1 ... Mp _ 1 ) 7(5 ) = , (11) 



which holds for the (D,p) of the scalar branescan J?]]. Condition (11) is a new feature of the 'non- 
centraV case; in the central (bosonic two-cocycles) case, the closedness was trivially satisfied and hence 
there was no condition on D; only p (the rank p of the Lorentz tensor, see below (I)) was restricted 
by the (af3) symmetry of the tensor. We may introduce now a new one-form IL^...^ „_ ia i with 

= «i ((cr^,..^_j /3ai n<TL 3 + *l (ct")^^,.^^)) (12) 

v ao ' 

(for j? = 1 the coefficient of the second term can be arbitrary). This MC equation implies that both 
[Da, X n] and [D a , Z fil "' tlp ] are modified by a term proportional to Z^ 1 -^- 1011 , the latter being the 
only central generator at this stage (^1*1— Mp-i«i i s central because, by construction, IL 11 ... (Up _ ia , 1 cannot 
appear at the r.h.s. of a MC equation expressing the differential of a LI form). 

The general features of the extensions with non-central fermionic generators are: 

a) The extension two-cocycles (two-forms) may be fermionic (eqs. (0))- This leads to non-zero 
[bosonic, fermionic] commutators. 

b) At any stage in the chain of extensions, the only central generator present is the one introduced 
in the last extension. 

c) Successive central extensions substitute one spinorial index for a vectorial one. This leads to 
one-forms of the type 

n w ... /lp _ t ai...a k = n pfc , Pk = (fJ>l • • .H p -kOL\ . . .ah) , (13) 

where pk labels the additional coordinates of the extended superspace S. 

d) The procedure ends when the p vector indices have become spinorial ones so that IIp fc — ► U Pp = 

n ai ... aj) . 

e) For a given p, there are consistency conditions that restrict the spacetime dimension D; for 
instance, the Green algebra exists for D=3,4,6 and 10 only ||. 

All the extended superspaces have a natural fibre bundle structure that is inherited from their 

prnnn p-x-tpnsinn rli:ir;ir t it- wp rpfpr tn O fspp a.lsn !Tl"l fnr retails. 



3.1 Two applications: the GS superstring and the supermembrane 

Consider the Green-Schwarz superstring case (p=l, D=10, N=l). We shall denote by tp^ the additional 
vector parameter and by Z^ , T^jf the associated generator and LI form 12]. The MC eqs. are 

dU a = , dIF = (l/2)(CT^) a!3 U a U 13 , 

dap* = (i/2)(cr M ) a/3 n Q n^ , du a = (ct^ipit 3 + (cr^ir^ir 3 ; (14) 

H = 0, ... ,9, and all spinors here are MW (6 a = V + 9 a , IF = V + d6 a ; notice that IF and II Q are 
unrelated). The two terms in the r.h.s. of the last of (14) are individually closed (d(dH a ) = follows 
from (11) for p = 1, i.e. by (CT^) ( a p(CT ^) 7 5) = 0) and hence their relative normalization cannot be 
fixed by requiring d(dU a ) = 0. 

The corresponding Lie superalgebra contains an additional fermionic central generator, Z@, and 
is given by 

{D a ,D p } = (CT^X^ + iCT^Z^ , 
[D a ,X„] = (CrjapZP , [D a ,Z»] = (CT») a pZP ; (15) 

if one omits Z^ , it reduces to the Green algebra Note that is no longer central due to the pres- 



ence of Z@. The associated group manifold is the GS superstring extended super space E 
its group law is given and discussed in [13]. 

As mentioned, the extended superspaces are suitable to define manifestly invariant WZ terms. For 
instance, using the LI forms on £(# a , x^, (fa, fa), one obtains the manifestly invariant WZ term for 
the GS superstring (cf. |§) 



Swz 



[ <t>*(b)= [ cp*(n^m + \n a u a ) , (16) 



db = db = h = (CT^Q^IPrPn^ and hence 4>*(b) and the standard WZ term 4>*{b) are equivalent; b 
and b differ only by an exact form. 

Similarly, it is also possible to write a manifestly invariant D=ll membrane (p=2) WZ term. It 
exists on the D = 11 supermembrane extended super space group S(6* a , x M , (p^, ip^a, <Pap)j an< i is found 
to be 

1 = (2/3)ii Ui ,iPn l/ - (3/5)n Ma n^n Q - (2/i5)n a/3 n Q n^ , (17) 

as given in ||. Again, b depends on the additional variables <p through total differentials since db = 
db = h = (Cr /x[ ,) a ^n^n ! TI a IF\ The non-WZ part of the action does not depend on the additional 
variables of extended superspace, and remains the standard one. As we shall see, this situation will 
change for D-branes. 



4 New Noether currents and charges 

Let us now give the general expression for the Noether currents for the additional symmetries f a (see 
( |l3| ) for the notation) using the manifestly invariant WZ forms Cy/z defined on the various extended 
superspaces S. The Lagrangian C\yz(0 on the worldvolume W (of coordinates £*, i = 0,1, ... ,p) 
is the pull-back c/)*(£\yz) = £\vz{£,)d p+1 £, of the (p+l)-form Cwz on E by the map 4> : W — > S. 
The charges that correspond to the current densities j l ai {C) appear on the r.h.s. of the supersymmetry 
algebra. 

The WZ part of the action is / Cwz(£,)d p+1 £, and, since only Cwz depends on the additional 
variables of the extended superspace E (different from (x^, 8 a ) of E), we shall focus on Cwz- We find 
first the general expression for the Noether currents and then apply it to the simple cases of the GS 
superstring and the supermembrane. 

2 This algebra may be viewed as a 'stabilising deformation' of E ^j. In this context, stability is achieved by exhausting 
the second Lie algebra cohomology group (the non-trivial two-cocycle space) i.e., by extending maximally under certain 
conditions, as done in jl3|. This means, e.g., including both generators and Z W ... ME in (g) if only bosonic ones are 
considered (cf. and similarly for the other cases. 



We start by writing the manifestly invariant density £wz(£.) as 

£^(0 = n fti (OA fti (0 , C = (r,a) , i = 0,l,...,p , 



(see (13)) where A Pk is defined by (|i8|) and denotes the LI (p-)form 



(18) 



(19) 



n pfci =(0*(n p Ji and A pki corresponds to a^-i'TUg . . . nj"*^ 1 • • • n° fe (the constants a fc are 
fixed by db = h). 

Given the group law g" = g'g (g" A = g" A (g',g), A = (a,fi; p^) ) of E, the LI one-forms Yl A {g) and 
the RI vector fields Zj±(g) are given by 



U A (g)=U A (g)dg 



B 



-.a A ( J 



Og 



B 



dg 1 



z A (g) 



dg" v (g',g) 



9=9 



dg 



/A 







9 —b 



Og 



D 



(20) 



(see, e.g., JlQ| ). The Za generate the left (/^-translations of E. 
The Cwz{C) contribution to = jA(kin) (0 + 



fA(WZ)(0 = (W) 



{Za-9 



B 



dC 



wz 



B\ 9£-WZ 

dg B n ^ ' dgB 



(21) 



Let the extended superspace index refer to a new coordinate, A = o~i, and let us compute f a . Since 



only Cwz depends on the new coordinates, j 



0. The B summation in (^) is reduced to a 
summation over the additional coordinates index r\\~ since the vector fields Z ai do not have d/dx p , 
d/d6 a components and thus Z ar g B = for g B = (9 a ,x^). Moreover, since A pk = A pk (U^,Il a ) and 
n^,n Q are defined on the standard E, the A Pkl part does not depend on ip Vk (g Vk in (pl])) ; 



cri (kin) 



l(Jl 



(Zar9 Vk ] 



(22) 



Using Eq. 



la, 



(z« r g Vk : 







dg"(g',g) 



iVk 



g B n 



A p 



k> 



z a , -g 



dg''(g',g) 



m \ ^ pk 



'iVk 



9=9 



(23) 



9 =g~ 



since g" ^ g"(g,i )■ This gives the general expression for the Noether currents associated with the 
additional generators: 

f ai = (Z ar g; k (gi,g)\ g , =g -r)A Pk * = T aiPk A Pk * , (24) 

where T corresponds to the adjoint representation Ad(g~ 1 ) and depends on £ through (notice 
that if X R is RI and Tl L as a LI one- form, i x rU. = Ad(g~ 1 )X R ). Since for A = o\ we may restrict 
D to % (Zg' a (g) = 0), eq. (p4|) may also be written as 



faM) 



dg" v Hg',g) 



dg'°i 



dg''(g',g) 



g'=e 



'iVk 



(25) 



9 =9~ 



using (|20|); the bracketed term is determined by the group E only, and A pk% by £wz(0- 
a) D=10, N=l superstring: 

Using expression (|l~6|) for (|i~8|), we find that the conserved Noether currents are 



jfc^&djx" , j ai = (l/2)e l3 dj a ° 



and the charges |18| 



(26) 



assuming that 6 is periodic in a (c/. |l9[| ). It is clear that, in general, the integral of j° (as, e.g., for 
j^) leads to a non-zero result if the topology is nontrivial (the loop is not contractible) . 
b) D=ll 2-brane: 

It can be shown from eq. (|l7|) that the currents can be written as the worldvolume duals of the 
current two-forms 

r a = d(^dx K e a - ^{cv K ) M e^e a d6^j , jft = d(~o f *dff r ) ■, (28) 

current conservation follows from dJ = 0. For periodic 0's the charges Z Kiai , Z^ 171 turn out to be 



zero, but not Z^ 1Vx for a non-trivial closed two-cycle [18| (in the general p-case, the integrals are over 
non-trivial de Rham p-cycles; we refer to pj|] for details on topological charges). Thus, the above 
assumptions provide a realization of the extended algebra where only the bosonic Z^ v generator is 
realized non-trivially. 

5 The case of D-branes 

Consider first a bosonic background such that the action of the Dp-brane 21] reduces to 

I = J d p+1 ^- det(d iX »d jXfi + Fij) , (29) 

where F = dA and A(£) = Ai(^)d^ is the worldvolume Born-Infeld (BI) field. 

Let us look for a manifestly supersymmetric generalisation. This means substituting first IP for 



diX^ 1 , F^ = duAji by T = dA — B, and then adding a WZ term b, db = h. A previous analysis [12] of 
the WZ terms of the scalar branescan |7| showed that WZ terms may be characterized and classified 
by CE-(p+2)cocycles. The same philosophy is successful for the Dp-branes. The result is that Dp- 
branes may also be be characterized (see below and |l3| for details and further references) by means 
of non-trivial CE (p+ 2)-cocycles, recovering Polchinski's consistency conditions (23] (p even/odd for 
IIA/IIB). In the case of D-branes, however, and due to the presence of F^ in the kinetic term ( |29| ) the 
situation turns out to be different from that of the previous p-branes: the new variables will appear 
in the action non-trivially, not as total derivatives. 

5.1 Example: the D2-brane defined on its extended superspace 

Consider the D2-brane. The starting point is now the IIA-type FDA plus the dT equation i.e. 

du a = dip = i(cr^) Q/3 n a n^ 

du = itcru^rPTF 3 drv = ±(cr^) af3 n a nP (30) 

dnW = i(CT M r n ) Q/3 n Q n^ dT = (cr^ru^n^iprF 3 , 

(|U = 0, . . . 9, a = 1, . . . 32). This is justified e.g by the fact that the dual of the first 5 eqs. is the 
algebra obtained when one computes the algebra of Noether charges for the type IIA D2-brane p2]]. 
The next step is extending this algebra with the generators obtained by replacing vector indices by 
spinorial ones, as outlined after (|l2"|). In the case of the D2-brane this is not difficult to do because, 
apart from the equation for dT the FDA above is actually the dimensional reduction to D=10 of the 
D=ll one (eq. (|^) with generators with one or two vector indices since p=2), 

dw = (l^xcr^iFiT 3 , du^ = (l^xcr^iriT 3 , (31) 

where (p, = (n, 10) = 0, 1, . . . 10), and in which one sets IP = (IP, II 10 = II), ILjp ee (n^IL^o = 
Jly). This D = 11 FDA may be extended. The D = 10 dimensional reduction of the extended 



algebra gives 



du a = o, dip = -(cr^rrri 8 , dn = i(cr 1 i)^n at n /J 



^(ct^ipit 3 , dnjf) = ^(CT^rn^rPn' 3 , 



dn^ = (cr^)^^^ + (CT n r M ) a/3 nn^ + (CT^^n^n^ 3 - (cr 11 ) a/3 n(f)n' 3 , 

dnw = (cr^rnj^irn^ + (01^)^4*)^ , 

du aP = -^(ct^iptf - (cr M r u ) a ^n^n - i(cr^)^n^ 

+i(cr n ) a/3 n«iP - i(CT'') a/J n<f>n + -(cr^n^ir 5 

+\(cr 11 ) a/3 u ( s z) u 5 + 2n M(/3 (cr^) Q)5 n 5 + 2(cr 11 ) 5(a ng ) n« 5 . (32) 

Using the new forms it is possible to find a manifestly invariant WZ form b, db = h; h is given by 

h = (cr flu ) aP u^u a u> 3 -(cr u ) a( ,u a u^ , (33) 

and the manifestly invariant WZ term for the type II A D2-brane by 

b = jjiviFrr + ~n«ipn - ^n a/3 n Q n^ - jjn^iprr - jjn^mr - 21LF . (34) 

We expect that this analysis also holds true for the other values of p. 

The extended free differential algebra is not the dual of a Lie algebra because it includes the 
equation for the three-ioim dT . However, 

d^rra^ - n"nW) = (cr^n^n^iPir 3 (35) 

so that, on the extended superspace x^, ip^, <p a ) we may set 

t = (i/2)n a n(f) - ipnjf) . (36) 

Since T = dA — B and B is defined on E, it follows that dA may be written on S. Making use of the 
explicit form of the LI one-forms in terms of the extended superspace variables, it is easy to identify 
A as the one-form on £ 

A = y^tix* + {l/2)(p a d6 a . (37) 

In the present approach, the customary BI worldvolume field -Aj(£)d£ l becomes (ft* (A); we might even 
say that the existence of the BI field is a consequence of supersymmetry. We now check the consistency 
of the replacement (37). 

a) The Euler Lagrange equations are still the same. Let I[a;^(£), # a (£), -<4.i(£)] be the action before 
making the substitution. The EL equations are 

5I/5x» = , 5I/56 a = , SI/SAj = . (38) 

When the substitution is made, 



„ /p+1 SI 5Aj(£') 61 8I_ 5I_ 

6Aj(?) 6xP(£) 5x^ ' 6<pn 5Aj r 



(39) 



5Aj{g) 56 a {£) 59 a ' 5p a 2 5A 



j 



We see that to avoid the collapse of one or more worldvolume dimensions we must have 6I/SAj = 
which implies eqs. (^). This also follows from the fact that 51 /5ip^ = implies (51 /5Aj)gij = 0, 
where gij = IL^ILjj = diX^djX^ + (nilpotent terms) is the induced worldvolume metric. Thus, we must 
have 51 /5Aj = to prevent gu from being degenerate. As a result, 5I/5ip a = is satisfied identically 



b) The gauge transformations of -Aj(£) can be reinterpreted in the new language. If one defines 
Sipfj, = d^X and 6ip a = 2d a X, by means of a superfield A such that 0*A(x /i , 9 a ) = A(0, then tfi*(A) 
behaves as expected: 8{(f>*[ip^dx^ + ^(p a d9 a ]) = d{A. 

c) The number of worldvolume degrees of freedom remains the same. Let us first note that, since 
5I/dip a = is a Noether identity, the second Noether theorem tells us that there exists a gauge 
symmetry that can be used to set (p a = 0. Thus, the 'physical' part of A is contained in ip^dx 11 . 
The identification (j37|) is therefore equivalent to replacing by (/^(Oc^^O- We now notice 
that the D equations 51/Sip^ = produce only (p + 1) independent ones, SI/SAj = 0; the remaining 
D — (p+ 1) equations are Noether identities that reflect the existence of further gauge symmetries. To 
check explicitly the degrees of freedom we first adopt the gauge (x°(£) = r, x x (0 = £ , x p (0 = £ p ). 
Then, 

(0M)i = p M (0^(0 = w(0 + M0ft**(0 > K = p + 1,...,D-1 . (40) 
We see that, apparently, we are describing the (p+ 1) components ^ of the BI field using D functions 
((fi,cpic). The mismatch in the number of degrees of freedom is sorted out by the existence of the 
bosonic gauge symmetries that allow us to remove the additional (D — p — 1) functions. Futhermore, 
since the components (f^ enter the action non-trivially only through ((f)* A) j, any local transformation 
of (^(0 that leaves ((j)*A)i unchanged will be a gauge symmetry of the action. Consider then 

M(0 = -a K ($d iX K (0 , 5^(0 = a fc (0 . (41) 

This specific transformation has the property 5(4>*A)i = 0, so it is a gauge symmetry that can be used 
to set ipx = by taking = (fx, so <f>*(A)i = <p{. Hence, we may identify Ai = 4>*(A)i. 

For the IIB Dp-brane, an analysis similar to that in this section (for odd p) can be made. In fact, 
the origin of -A(0 in the p=l IIB D-string case was discussed in [^3| (see also p4| ) by introducing an 
appropriate extended group manifold. We may conclude, then, that the different worldvolume fields 
are introduced naturally through the pull-back of coordinates (forms) of (defined on) suitably extended 
super spaces. 



6 Noether charges and D-brane actions 

The worldvolume field A(£) that appears in the D2-brane action may be written in terms of the 
variables of the superstring extended superspace E(x M , 9 a , (p^, <p a ). The D2-WZ term, which is quasi- 
invariant in these coordinates, can be made strictly invariant by further extending the previous su- 
perspace to £ = (x^,9 a ,ip^,(p a , ippv, ffxa, PaP) V 9 )- I n this way, the whole action is invariant. The 
canonical commutators of the charges generating the symmetries of the action (denoted by a hat) give 
a realization of the 'right' version of the 'left' Lie algebra dual to ([32]). 
Consider the {Q a ,Q/3} commutator, that we shall write as 

{Q a , Qp] = (cr^apPn + (cr M r n ) Q/3 ^ + (cr^z^ + (cv n ) al3 z . (42) 

With A = -A(0> the Cr«„ and CTn contributions would come from the quasi-invariance of the WZ 
Lagrangian, while CTiir^ would be the result of the contribution of the A(£) field to the Noether 



current [22] (see also pq]). This is because the supersymmetry transformations do not close on A, and 
this produces an additional term by a mechanism similar to the one in the standard quasi-invariance 
case. 

These modifications become transparent by formulating the action on the extended superspace 
[|lg| l . Consider the formulation of the D2-brane on the extended superspace with quasi-invariant WZ 
term b = b(x^, 9 a ,ip fJi ,(p a ). The conserved Noether currents then have to include a term coming from 
the quasi-invariance of the WZ piece: if we wrongly ignored this the algebra of the charges would be 

{Q a , Q/3} = (Cr^apP/j, + (CT M rn) a/3 ^ (43) 

rather than fl42]). Alternatively, we may find the correct algebra by replacing the quasi-invariant WZ 
term b by b = b(x^ , 9 a ,ip^,ip a , (fau, ¥W) <Pa/3, (f), which is manifestly invariant since the transformation 
properties of the additional variables (tp^u , (p/j, a , (p a p , (p) remove the quasi-invariance of the WZ term 
b. Hence, the algebra of charges reproduces (p2|), and the contributions to Z^ u and Z are entirely 
due to the contribution of the additional variables <p uu , tp ua , Va3, V in the WZ term b (or to the 



7 Higher order tensors: the case of the M5-brane 



Consider the D = 11 M5-brane, which contains a worldvolume two-form field A(£). As before, the 
supersymmetric action is obtained in two steps: 

a) First, H = dA — C where C is such that dC = — (CT^^n^n^IPIF 3 , and the transformation 
properties of A are fixed so that H is invariant; 

b) Secondly, a WZ term is added to obtain ^-symmetry 

The FDA generated by the LI one- forms IP, 11" and the three- form H is 

dU a = , cflP = (1/2) (CT^)^^ , dH = (Cr^^n^IFIF 3 . (44) 

(Note that ddH = implies {CW) (ap {CT v ) lS) = which is satisfied for D = 11). To find the 
nontrivial CE (p + 2)-cocycles for the FDA (Q) one may impose the closure condition for h on a 
general (p + 2)-form with the correct dimensions. This gives two possible expressions for h. One of 
them is proportional to (CT ^^n^IPTPIF 3 = dH, so it is exact. The other is found to be 

h « (ct /11 ... W5 ) q/j ip 1 . . . n^rpir 9 - (i5/2)(cr w ^n^n^n a n^ , (45) 

which turns out to be not CE-exact. Hence, there is no solution unless p = 5: the M5-brane, p = 5, 
is characterized by the only non-trivial D=ll (b+2)-CE-cocycle. 

H may be defined as a LI three-form on the extended superspace group of coordinates 
E(O a ,x> i ,<p IM „<p lia ,<Pap), namely 

h = ^tttv + jjn^iTTv - Aii^ifip 9 . (46) 

Moreover, it may be shown that there exists a LI b such that h = db on a suitably extended superspace 
||. By using the explicit form of the LI one- forms appearing in (|46|), we may replace the worldvolume 
two-form A(£) by a two-form A on the extended superspace. Also, the gauge transformation 5A(£) = 
dA(£) is achieved by the one-form A = X^dx^ 1 + X a d9 a , (f>*(\) = A(£). Then, defining dtp^, 8(p^ a , 
5ip a p conveniently one obtains 5(f)* (A) = dA(£). 

The EL equations derived from I[x^(^), #"(£), Aij(^)] are equivalent to the ones corresponding to 
the new action in which A(£) is the pull-back cj>*(A). In fact, in parallel with the D2 brane case, it 
is found that 5I/5ip a p = and 5I/5(p^ a = are identically satisfied (they are Noether identities) 
and that only Si/Sip^ = contains a non-trivial part, SI/5Aij = 0. Thus, there remain ( 2 ) — ( p ~^ 1 ) 
Noether identities. Consider then {(jf{ip^ ll dx^dx v ))ij = Aij{^) = (p lxu diX fJ 'djX u . Again, the election 
x° = t, x 1 ^) =£?■,... ,x 5 (£) = £ 5 , gives 

{4>*A)ij = ip^d i x fl djx u = ipij{£) + ViK{£)djX K - ipjKdix K + ipKLdiX K djX L , (47) 

where K, L = ((p + 1) = 6, . . . , D — 1 = 10). The additional degrees of freedom associated with tpix 
and lpkl m ay be removed by suitable gauge transformations. Indeed, 

5 a ipij = , 5 a ipiK = ~CtKLdiX L , 8 a (fKL = CiKL , 

SpVij = ~(3iKdjX K + f3 jK diX K , SptpiK = fax , SpifKL = , (48) 

leave ((f>*A)ij invariant, 5 a removes lpkl (by choosing cxkl = ~^kl)i and 5p sets ipiK equal to zero 
(for p iK = -<P%k)- 

The previous discussions of the degrees of freedom for the D2 and M5 worldvolume fields set the 
pattern for other possible cases. 

8 Conclusions 

In view of the results described here, it seems natural to conclude that there exists an extended 
superspace origin for all the worldvolume fields appearing in the various super-p-brane actions: all 

wnr 1 H vnl 1 1 m p fiplrl« mav hp mn t:i H pr prl fli -mill-Hariri tn ~\Al fnr tlip man rb ■ \Al ^ VI Tn ntlipr wnrrlt: 



there exists a field/ extended superspaces democracy by which all superbrane worldvolume fields may be 
seen as the pullbacks 4>* to W of some target extended superspace £ coordinates. 

The appropriate extended superspace S of the specific theory being considered is determined by 
an extension of its associated basic sTrj) fermionic group and, using S, the action of the super-p- 
brane can be constructed in a manifestly invariant form. In fact, in this field/extended superspace 
democracy context, the invariance properties and the non-trivial cocycles of the CE cohomology appear 
to characterise essentially the different superbranes and their actions [13] (we might also say that they 
are perfect in the sense of |26|]), 

Are these extra 'dimensions' necessary or just convenient for a more geometrical and unified descrip- 
tion of superbranes? We already saw that spacetime itself (x^) is a consequence of the non-triviality 
of the D-Minkowski space- valued second cohomology group of the abelian odd translation group sTr^). 
Thus, it is reasonable to conclude that supersymmetry algebras and superspace groups going beyond 
the standard ones (see e.g. ^, |23|, 27, 28, 29, ||, 30, ^TJ) are required for a suitable description 

of the various superstring and superbrane theories and that, as in the superspace case, Nature makes 
use of the extension possibilities offered by the non-trivial cohomology groups of sTr/). 
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